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CYCLES THROUGH TEN VERTICES
IN 3-CONNECTED CUBIC GRAPHS
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It is known that there exists a cycle through any nine vertices of a 3-connected cubic graph G.
Here we show that if an edge is removed from such a graph, then there is still a cycle through any
five vertices. Furthermore, we characterise the circumstances in which there fails to be a cycle through
six. As corollaries we are able to prove that a 3-connected cubic graph has a cycle through any speci-
fied five vertices and one edge, and to classify the conditions under which it has a cycle through four
chosen vertices and two edges.

We are able to use the five and six vertex results to show that a 3-connected cubic graph has
a cycle which passes through any ten given vertices if and only if the graph is not contractible to the
Petersen graph in such a way that the ten vertices each map to a distinct vertex of the Petersen graph.

1. Introduction

In [4] it 1s shown that there exists a cycle through any nine vertices of a
3-connected cubic graph G. Here we show that if an edge is removed from such a
graph, then there is still a cycle through any five vertices. Furthermore, we charac-
terise the circumstances in which there fails to be a cycle through six. As corollaries
we are able to prove that a 3-connected cubic graph has a cycle through any specified
five vertices and one edge, and to classify the conditions under which it has a cycle
through four chosen vertices and two edges.

These results were motivated by the conjecture in [4], that any 3-connected
cubic graph either has a cycle through any 10 vertices, or is contractible to the Peter-
sen graph. Using the facts proved here, in particular the 6 Vertices Excluding 1
Edge Theorem, we have been able to show that this conjecture is true.

Kelmans and Lomonosov [6] say that are also able to prove this result.
Their methods are unknown to us at the moment, but may be related to those in [5].

Our proof of the conjecture basically follows and extends the proof of the
“Nine Point Theorem” in [4], although it does not depend upon this theorem in
any way.

AMS subject classification (1980): 05 C 40, 05 C 38
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2. Definitions

Our graphs follow the definition given in [1]; they may have loops and mul-
tiple edges. For a given graph G we shall use ¢ to represent the incidence function
of G, assigning a 1- or 2-vertex set to each edge of G.

Let G and H be graphs. A surjection y: ¥GUEG—~VHUEH (loosely written
y:G—H) is a contraction of G onto H provided

(1) y(VG)=VH;

(i1) For all »¢ VH, y~1(v) is a connected subgraph of G;

(i) If X=y~"Y(EH)SEG then yy: X—~EH is a bijection and y(¢g(e))=
=¢yu(y(e)) for all ecX.

The graph H is also called a contraction of G. Here our definition is equivalent
to the more usual one, namely a graph obtained by repeatedly deleting an edge and
identifying the endvertices.

Let G be a graph and SE VG. Then an edge e€ EG is said to be unavoidable
given S if every cycle C with SE VC has ecEC.

Let G be a graph and SE VG. Then the coboundary of S, denoted 85, is
the set of all edges joining a vertex in Sto a vertex in ¥G—S. If |[0S|=n then the
subgraph H of G induced by S is called an n-cut-subgraph of G. If both H and the
subgraph of G induced by VG — S contain cycles then we say H is a cyclic-n-cut-
subgraph of G. If G has no cyclic n-cut-subgraphs for any n<k then we say G is
cyclically-k-edge-connected.

Let G be a graph. We can define a distance function dg not just on the vertices
of G, but on the vertices and edges of G. If u, v, w, x€ VG and un, wx€ EG, then

dg(u, w) the length of the shortest path from u to win G;

dg(u, wx) 1/2 +min (dg (1, x));

1 in (dg (u, w), dg(u, x), dg (v, w), dg(v, x)), wv==wx

d (v, wx) = {0,4‘12:“();( ), dg (u, x), dg (v, w), dg (v, X)), uv#
The function d; 1s a metric on VGUEG.

Let G be a cubic graph, and X=485={u;v,, u,, tzv5} a coboundary con-
sisting of three independent edges, with u, u,, 43€S and vy, vy, 2,€ VG—S. Let
L and M be the subgraphs of G induced by S and VG —S respectively. Then the
cubic graphs H and J with VH=VLU {u}, EH=ELU{uu, uyu, usu} and VJ=
=VMU{}, EJ=EMU {vv,, vv,, ve3} are called the 3-cut-reductions of G corres-
ponding to X. This concept is illustrated in Figure 2.1. A 3-cut-reduction of G is also
a contraction of G: H is obtained by contracting the subgraph M to the single ver-
tex u, and J by contracting L to ».
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Note that a 3-cut-reduction of a 3-connected cubic graph is always 3-con-
nected.

Let G be a cubic graph and e=xy€ EG. If the neighbours of x are y, x,, x,,
and the neighbours of y are x, ¥, y, then the e-(edge)-reduction of G is the cubic
graph H=G—{x, y}U{x,x,, y1»,}. For each edge of G—e there is a corresponding
edge of H. For xx; or xx, it is x; X,, for yy, or yy, it is y,y,, and for any other edge
it 1s the edge itself.

We note that an e-reduction of a cyclically-4-edge-connected cubic graph is
3-connected.
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Fig. 2.2

Let G be a cubic graph containing a 4-cycle C=x;x,x,%,x,. Suppose each
x; has a neighbour y;¢ VC (these nced not all be distinct). Then the 4-cycle-reduc-
tions of G corresponding to C are the graphs G—VCU{y,y,, ys»,} and G—VCU
U{y1ys, yora} (see Figure 2.2).

We shall use freely the fact that a cubic graph with =2 vertices is k-connected
if and only if it is k-edge-connected, for k=1,2 or 3.

3. Cycles through specified vertices avoiding a given edge

Here we give the theorems concerning cycles through five and six specified
vertices which avoid a specified edge.

Theorem 3.1 (The 5 Vertices Excluding 1 Edge Theorem). Let G be a 3-connected
cubic graph, and let e€ EG. Let AS VG with |A|=5. Then there is a cycle Cin G
with ASVC, e¢dEC. ]

We omit the proof as it is very similar to that of Theorem 3.3.

Corollary 3.2. Let H be a cyclic-4-cut-subgraph of a cyclically-4-edge-connected cubic
graph. Suppose H has degree 2 vertices uy, uy, u, and uy. Let H also be a subgraph of
a cubic graph G, with edges uyv,, vy, gy, Ust;€ EG where vy, v, , vy, 2,6 VG — VH.
For each ic{l1,2,3} let G; be the graph with VG,=VG—VHU{w, x} and EG,=
=E(G—VH)U{wx, vyx, v;x, v;w, v, w), where (i, ], k}={1,2,3}.
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Let y€ VH. Then for at least two values of i the following is true: for every
cycle G in G; with we VC there is a cycle D in G with y€VD and D—VH=
=C—{w, x}. Such values of i are called cyclically apt with respect to the replace-
ment of H by wx. We say that C in G; extends to D in G.

The graphs P (the Petersen graph, displayed in Figure 3.1) and Q (depicted
in Figure 3.2) play a central role in the rest of this paper. Whenever we refer to them,
we shall assume that the vertices are labclled as in these figures. In the next theorem,
we show that a graph G has unavoidable edges given A4, where |A4|=6, if and only if
it is contractible to P or Q in a special way.

Theorem 3.3 (The 6 Vertices Excluding 1 Edge Theorem). Let G be a 3-connected cubic
graph, and let AC VG, |4|=6. Let X be the set of unavoidable edges given A. Then:
®

(i)
|X|=1 if and only if there is a contraction a: G—~Q with o(Ad)=By=
={ay, as, bs, bg, by, bs}; then a(X)=X,={a,a,}.

(iii)

|X|=3 if and only if there is a contraction B: G—P with B(A)=B,=
(§§a1,a2,b5,be,b7,b8}; then P(X)=X,={a,a,, byb;, bsbs}.
iv

1 X]=0,1 or 3.

X is a set of independent edges.

If a contraction « or 8, as described in (ii) or (iii) respectively, exists we shall
call it a canonical contraction.

Proof. The proof is by induction on |VG|. The theorem is vacuously true when
[VG|=2. Suppose |VG|=4 and the theorem holds for any 3-connected cubic graph
G’ with |VG'|<|VG]|.

The proof proceeds as follows. We first show that if X is nonempty a canonical
contraction exitst. Then we show that if « exists, a(X)=X, and hence [X|=1.
Next we show that if S exists, f(X)=X, and thus |X|=3. It then follows immedia-
tely that X is a set of independent edges.

First we must show that if X is nonempty a canonical contraction exists. So let
e€ EG. Then we search for a cycle through A avoiding e.

Fig. 3.1 Fig. 3.2
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(1) Suppose G is not cyclically-4-edge-connected. Then G contains a coboun-
dary {2, uw,, uzv,}. Let H and J be the two corresponding 3-cut-reductions, with
new vertices u€ VH—VG adjacent to uy, uy and uy in H, and € VJ— VG adjacent
to v, v, and », in J. W2 may suppose that e€ EH (if e=up; for some i, we consider
¢ =uuc EH instead of e). Let Ay=(ANVHYU{u} and A,=(ANVHIU{}. If
the required cycles exist through Ay and A4;, then these can be extended to cycles
through A avoiding e. Otherwise G is contractible to P or Q in the required manner
since G is contractible to H.

(2) Suppose G is cyclically-4-edge-connected.
(2.1) |VG|=10. These graphs can be found in |2]. They satisfy the theorem.
(2.2) |VG|=12.

(2.2.1) First suppose that every edge of G is incident to a vertex of A. Since
|4|=6 there are at most 18 edges incident to some vertex of 4. Thus |EG|=18 and
therefore |VGI=12. Hence |VFG|=12 and every edge is incident to exactly one
vertex of A. G is therefore bipartite, with parts 4 and VG — 4. The only cyclically-4-
edge-connected cubic bipartite graphs with 12 vertices are those listed as 12.66, 12.73
and 12.81 in [2]. It can be verified that they all have a hamiltonian cycle avoiding any
given edge e€ EG.

(2.2.2) Assume there exists f€ EG incident to no vertex of A. Then the
freduction H of G is 3-connected, and A4S VH. If f=e then by induction H hasa
cycle C with AS VC; C extends to the desired cycle in G through A avoiding e.
Otherwise, let ¢y be the edge in H corresponding to e in G. Let Xy be the set of un-
avoidable edges given 4 in H. If eyq4 Xy then there is a cycle C in H through A4 but
not ey, which induces the desired cycle in G. Assume therefore that egé Xy. Since
Xy 1s nonempty, by induction there is a contraction y: H~J (J=P or Q) such
that y(4)=18, and y(Xy)=2X;. Let e,=7y(ey). Foreach veVJ let S(w)=y"*(v),
and let T(v) be the corresponding subgraph of G. Suppose that S(v) is nontrivial
{that is, has more than one vertex). Let oV (S(v))={v X1, vX,, v3X;}, where
1, vy, v3€ V(S(®)). T(v) must contain one end of f=yz, for otherwise 8V (S(v))
is a cyclic-3-edge-cutset of G. Note that z¢ {x;, x;, X3}, as otherwise G is not cycli-
cally-4-edge-connected. Since yz has only two ends there are at most two vertices
»€ VJ for which S(») is nontrivial.

If [S()|=1 for all »¢ VJ then H=J, so that G may be obtained by joining
two vertices y and z inserted on nonidentical, nonadjacent (since G is cyclically-4-
edge-connected) edges of J.

If there is exactly one v for which |S(v)]>1, we can replace T1») by an edge
vy joined to G—V(T(v)) by edges yz, yx;, vx; and vx,, where {i,j, k}={1, 2, 3}
to form a graph G;. Then J is just the yz-reduction of G;. Also, if eg, in G; corre-
sponds to ¢ in G, then the edge obtained from eg, after the yz-reduction is just e;.
Further, any vertex w€ AN T(») maps to » under the contraction y. Thus for at least
two values of i€ {1, 2, 3}, every cycle in G; through A, avoiding e, extends to a cycle
of G using 4 but not e.

Otherwise there are two vertices u, v€ VJ with |S(«)|, |S(®)|>1. Then we can
replace both 7T(u) and T(») in G by edges uy and vz respectively, joined to each other
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by yz and to G—V(T(w)UT(®)) by edges yw;, uw;, uw, and zx,, vx,, vx,, where
{i,j, k}={p, 9, r}={1,2, 3} to form a graph G;,. Once again we find J to be just
the yz-reduction of Gy,; also if eg,, in G;, corresponds to e in G, then after the yz-
reduction of G;, we just obtain e; from eg, . Any vertex in ANTw) or ANT(®)
maps to u or v respectively under the contraction of H to J. So there are at least two
cyclically apt values of i and at least two cyclically apt values of p such that every
cycle in G;, through 4, avoiding e, extends to a cycle in G through 4 avoiding e.

An exhaustive study of the cases J=P and J= then shows that if X is
nonempty a canonical contraction « or B exists.

Now we suppose that a contraction a: G-~ exists, with a(4)=B,. We
wish to show that a(X)=X,. Suppose that ec EQ. Let N(v)=a"(v) for 2€VQ.

Suppose that a(e)é VQ. Then ecE(N(u)) for some wu€¥VQ. N(u) must
contain more than one vertex, and thus {u;p,, u,, usvs}=08V(N(u)), where
Uy, ty, Uz€ V(N (1)), is a cyclic-3-edge-cutset of G. Now N(u) contains at most one
vertex of A, so that we are in the first part of the proof. But then a cycle through 4
avoiding e always existed, so that egJX.

Assume now that «(e)€ EQ —X,. Then it can be shown that there is a cycle
in Q through B, avoiding a(e), and hence a cycle through A4 avoiding e in G. There
fore ed X.

Finally, suppose a(e)€ X,. If thereisacycle Cin Gwith AS VC and eg EC,
then D=a(C) is a cycle in Q with By=a(4A)S VD and a(e)€ ED, which is impos-
sible since a(e)c X,. Thus ecX.

So we have shown that e€X if and only if a(e)€X,, or in other words
a(X)=X,. Since « maps exactly one edge to any given edge of Q, we now know that
|X|=|Xp|=1.

’Ighe argument showing that if a contraction 8: G-—~P with B(A4)=B, exists,
then B(X)=X, and |X|=3, is completely analogous to the above. This completes
the proof of the theorem. |

We have the following two corollaries.

Corollary 3.4: Ler G be a 3-connected cubic graph, and let ¢€ EG. Let AS VG with
|A|=5. Then there is a cycle C in G with e€EC and ASVC. |

by

bg bg

b2 by,

b3

Fig. 3.3
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Corollary 3.5. Let G be a 3-connected cubic graph. Let AS VG with |A|=4, and let
e, f€EG. Then exactly one of the following is true:

®

(1)
There is a contraction u: G—-P such that p(A)=1{by, by, bs, b} and
Il"(.{e’ f}): {bs bq, bg bs}-

(ii1)

G contains a cycle C such that ASVC and e, f€EC.

There is a contraction v: G—~W such that v(A)={bs, bg, by, by} and
v({e, /1) ={b1bs, byb,}, where W is the graph of Figure 3.3.

4. The 10 vertex theorem

We now prove the main result of this paper. The method of attack is analogous
to that of Theorems 3.1 and 3.3.

Theorem 4.1. (The 10 Vertex Theorem). Let G be a 3-connected cubic graph and let
AC VG, |A\=10. Then there is a cycle C in G with AS VC if and only if there is no
contraction y: G- P such that y(A)=VP.

Proof. The proofis by induction on |VG|. If [VG|=10 then the theorem is true since
all such graphs are hamiltonian except the Petersen graph which is hypohamiltonian.
So now we may assume that 1¥G|=>10, and that the theorem is true for all 3-connec-
ted cubic graphs with less vertices than G.

(<) Suppose there exists a contraction y: G—P such that y(A)=VP.
If Cis a cycle in G with A4S VC, then D=y(C) is a cycle in P with VPE VD, or
in other words a hamiltonian cycle in P. But P is nonhamiltonian, therefore no such
cycle C can exist.

(=) Now we must show that either a cycle C through A exists, or else G is
contractible to P in such a way that 4 maps to VP. There are two cases.

(1) Suppose G is not cyclically-4-edge-connected. Assume first that |4|=10.
Then G contains a coboundary {u;v,, usv,, uszs}). Let H and J be the two correspond-
ing 3-cut-reductions, with new vertices € VH—VG adjacent to u,, u and uy in H,
and v€ VJ— VG adjacent to v,, v, and v, in J. As in Theorem 3.3 it is now striaghtfor-
ward to produce the required cycle from cycles in H and J or to show that G is con-
tractible to P. When [4|=9 we can extend 4 to a set of 10 points; if these 10 points
do not lie on a cycle then G is contractible to P and we can use the fact that P is hy-
pohamiltonian to find a cycle through A4.

(2) Suppose G is cyclically-4-edge-connected. In this case G cannot be con-
tractible to P, so we are always seeking to prove that G has a cycle through A4; we
can assume (by adding extra vertices if necessary) that |A|=10.

(2.1) Assume there exists f¢ EG incident to no vertex of 4. Then the f-reduc-
tion H of G is 3-connected, and AC VH. If H has a cycle through 4 then G also
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clearly has a cycle through A, so suppose that H has no cycle through 4. Then by
induction there is a contraction y: H—P such that y(d4)=VP.

For each v¢ VP let S(v)=y7'(¥), and let T(») be the corresponding sub-
graph of G. Suppose that S(v) is nontrivial (that is, has more than one vertex). Let
SV{S())= (w1 %1, 02Xy, 03 X3}, Where wp, vy, 2,€ V(S(»)). Then T(») must contain
one end of f=yz, for otherwise S(v) is a cyclic-3-cut-subgraph of G. Note that
24 {xy, Xo, X3}, as otherwise G is not cyclically-4-edge-connected.

Since yz has only two ends there are at most two vertices »€ VP for which
S{v) is nontrivial.

Let s=|{vc VP:| V(S())|>1}|. Suppose s=0. Then H=P and G can be
obtained from P by subdividing two nonidentical, nonadjacent edges g and # to form
new vertices y and z, and adding an edge yz. There are in fact only two possibilities
for G, because edges g and A in P must be at distance 2 or distance 3. If they are at
distance 2 we obtain the graph R of Figure 4.1 as G; if they are at distance 3 we
obtain Q. But both Q and R are hamiltonian.

Fig. 4.1

The cases s=1 and s=2 are dismissed in a similar manner.

(2.2) Suppose now that every edge of G is incident to some vertex of 4. Since
each vertex in A is an endvertex of at most 3 edges we have |EG|=3{4|=30, which
implies |[VG|=20.

(2.2.1) |VG|=20. In this case |EG|=3|4| so every edge of G must touch
exactly one vertex of 4. Thus G is bipartite, with parts 4 and VG —A. But then G is
hamiltonian by [3], Theorem 7, and hence has a cycle through 4.

(2.2.2) 12=|VG|=14. Here G is hamiltonian.

(2.2.3) 16=|VG|=18. The proof now breaks down into a tedious case analy-
sis. If the girth of G is 4 then G has a 3-connected 4-cycle-reduction H. Since H is
either hamiltonian with a cycle through at least one of any pair of edges or is contrac-
tible to P, G is either hamiltonian or it is one of five graphs (see [2]). Analysing the
ways in which G can be obtained from these five graph shows that in all cases G is
hamiltonian.
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For G having girth greater than 4 we follow the approach of the corresponding
case in the proof of the Nine Point Theorem in [4]. This time G is not necessarily
always demonstrably hamiltonian, but always contains a cycle through any specified
ten vertices. [
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